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Abstract

Take G be a real Lie group and K a maximal compact subgroup. The Kasparov theorem states that the
Kasparov product of the Dirac and dual Dirac elements over G/K is trivial in both direction. Due to the Cuntz
description of the bivariant K-theory, these Dirac and dual Dirac elements induce a pair of C*-morphisms that
are K-equivariantly inverses to each other at the level of K-groups. Our idea is to descend these C*-morphisms to
Fréchet algebras morphisms to obtain them as K-equivariant inverses modulo homotopy at the level of periodic
cyclic homology. By a Cuntz-Quillen-Morita equivalence and a theorem of Nistor we obtain, modulo a stability
algebra, and isomorphism in periodic cyclic homology which is the Banach counterpart of the Baum-Connes
conjecture with coefficients for Lie groups.

Motivation

Take a real Lie group G acting on a C*-algebra A. If K is a maximal compact subgroup of
G, the associated homogeneous space G/ K is contractible and the Baum-Connes conjecture
with coefficients claims the existence of an isomorphism up to a degree shift

Ko(A %, K) — Keidim/r)(A %, G) (1)

between the K-theoretical invariants of the associated reduced crossed product algebras.
This talk proposes a geometrical counterpart for this conjecture.

Setup

Consider a real Lie group G acting smoothly on a locally convex algebra A. We define the
smooth crossed product of A by G as:

AxGi=CoG,A) (fixf)(g) = L £ (- fo(h™g)dh < A.

Its K-theoretical invariants are replaced by their geometrical counterpart, namely the peri-
odic cyclic homology, denoted H P.

In the early 90-s, V. Nistor established a result similar to conjecture (1) for the periodic
cyclic homology of smooth crossed products. He constructed an isomorphism [Nis93bl]

HP.(A X K)<x> >~ HPo+dim(G/K)(A X G)<x>- (2)

where the subscript denotes the localization at the maximal ideal of the algebra of class func-
tions on G given by functions vanishing at the conjugacy class (x). However, these local
isomorphisms cannot be glued together to obtain a global correspondence between the ho-
mology groups of A x K and A x G.

In this talk, we construct a global isomorphism (after stabilization) between these periodic
cyclic homology groups, thereby providing a homological analogue of the Baum-Connes con-
jecture with coeflicients for Lie groups. Our approach decomposes this isomorphism into two
different pieces via an intermediate space:

HP.(Ax K) ~ HP.(C*(G/K, A) x G) = HP\,qimc/i)(A x G). (3)



The left-hand isomorphism is well-known at the C'*-algebraic level and requires some adap-
tations to fit the Fréchet algebras framework, we won’t develop it during the talk.

The right-hand isomorphism, way more complicated, follows the following strategy. In the
easiest case where A = C is the trivial algebra, this isomorphism essentially relies on an iden-
tification of H P, (C°(G/K)) with H P, 4im(c/x)(C) in a way that is compatible with crossed
products. In K-theory, a Thom isomorphism (Bott periodicity) holds:

K. (Co(G/K)) = Keydimax) (C)

and is as compatible as wanted. This isomorphism can be proved using the Dirac-dual Dirac
method at the level of equivariant Kasparov’s bivariant K-theory. Since periodic cyclic ho-
mology admits a close relationship with K-theory, our strategy for the right-hand side of
will rely on the adaptation of the Dirac-dual Dirac method from the Kasparov’s bivariant K-
theory to our needs, in order to recover this degree shift isomorphism at the level of periodic
cyclic homology.

Aim of the talk: Adapt Dirac-dual Dirac method to periodic cyclic homology to show a homological
analogue to the Baum-Connes conjecture.

The Dirac-dual Dirac method

Introduced by G. Kasparov, the bivariant K-theory assigns to a pair of C*-algebras (A, B) an
abelian group K K (A, B), generalizing both K-homology on the left variable and K-theory on
the right one. It is endowed with the Kasparov product

— x—:KK(A,B) x KK(B,C) — KK(A,C). (4)

Kasparov also developed an equivariant version of this theory preserving the product. He
constructed two distinguished classes

ae KKg(C,(G/K),C) and 8 e KKq(C,C(G/K)),

called Dirac element and dual Dirac element, where C.(G/K) = [,(G/K,Cliff(T*G/K)) is
the Clifford module of G/K. They satisfy the fundamental identities [Kas88]:

axfB=1eKKqg(C/(G/K),C.(G/K)) and Res? (8 x a) = 1 € KKg(C,C) = Rep(K).

These relations make v and /3 as dual to each others in a K-equivariant (but not G-equivariant!)
way, and make the product by the Dirac element an isomorphism at the level of K-theory which
is compatible with tensorization and crossed products. We will construct some analogues of
these Dirac and dual Dirac elements at the level periodic cyclic homology which satisfy similar
relations. To obtain these, we will need a more algebraic description of the bivariant K-theory,
provided by the Cuntz-picture.

The Cuntz-picture

Since both K-theory and K-homology are generated by difference of classes, Cuntz’s insight
is that these functors can be represented by an algebra where difference of x-homomorphisms
become genuine algebraic elements. Given a C*-algebra A, the two-side ideal of differences



qA of its C*-free product plays exactly this role. Cuntz approach then identifies bivariant K-
theory with homotopy classes of C*-algebra homomorphisms between the Cuntz algebra ¢A
and the algebra B stabilized by compact operators [[Cun87]:

KK(Au B) — Hom(un B ®C* K)/homotopy‘ (5)

The Cuntz algebra verifies the fundamental property that there exists a natural and canoni-
cal continuous homotopy ¢A — A, after stabilization via 2 x 2-matrices. Due to this property,
the Kasparov product corresponds essentially in this setting to the composition of associated
x»-homomorphisms. The Dirac and dual Dirac elements can be realized as G-equivariant x-
homomorphisms

01 q(C(G/K)) — K and 8 : qC — My(C,(G/K) ©)

that are K-equivariant inverses to each others by the Kasparov theorem.

Results

In this talk we present an adaptation of the right-hand side of the Cuntz identification to fit the
Banach/Fréchet context and produce a Fréchet counterpart of Dirac and dual Dirac elements.
The idea to use the Cuntz-picture of bivariant K-theory to obtain a bivariant Chern character
is due to Nistor [Nis93a] [Nis91]. We use here a slightly different approach, making heavily
use of excision [CQ95]], which was not yet known in the early nineties.

Our first idea is to propose a rescaling model for the Cuntz algebra gA. For any R >
0, we introduce a parametrized version of a free product, denoted QrA, as a completion of
the algebraic free product by a rescaled norm. The associated ideal gz A becomes the main
receptacle of differences of Fréchet algebra homomorphisms out of A, of norm smaller than R.
As before, we show that there exists a canonical and natural homotopy equivalence ggA —
A, after stabilization by 2 x 2-matrices. It is compatible with tensorization and smooth crossed
product constructions:

CC((grA @y A') x G) —> CC((A®; A) % G).
The second idea refines the C*-algebra C,(G/K) into a Fréchet algebra C*(G/K), con-

stituted of its smooth vectors. The reason we consider this algebra is because the inclusion
of the algebra C(G/K) of compactly-supported smooth functions into C*(G/K) induces
chain-homotopy equivalence compatible with tensorization and smooth crossed products:

CC(CP(G/K, A) x G) =5 CO((CP(G/K) @ A') x G).

ProprosITION There exists a parameter R > ( great enough so that the Dirac and dual Dirac
elements induce Fréchet algebra homomorphisms:

o 1 p(CP(G/K)) — D and 1 C — My(CX(G/K)), ™)

where D is a G-stable Fréchet subspace of the compact operators K with the absorbing property
D®.D ~D.

The previous proposition stands as a Fréchet counterpart of the Dirac and dual Dirac homo-
morphisms obtained in (6).



THEOREM (G., 2026) If A = A ®, D denotes the stabilization of A, the Dirac and dual Dirac
homomorphisms descend as chain-complex homomorphisms

(of ®ida) x G : CO(CP(G/K, A) x G) —> CCO(A x G)[dim(G/K)],
(B ®@ids) x G: CO(Ax G) — COCP(G/K, A) x G)[dim(G/K)].

The homological analogue of the Baum-Connes conjecture with coefficients for Lie groups
relies on the fact that the morphisms above are homotopy inverse to each others. The
proof of this statement follows two steps. First of all, the fundamental Kasparov identities
show that o and (3 are dual to each others in a K-equivariant way and the Cuntz-picture

relates this Kasparov product to the composition of the associated K-crossed products
homomorphisms, which implies that

(" ®ida) x K : HP,(CP(G/K, A) x K) —> HP\ gimc/x)(A x K)

is an isomorphism of inverse (6ﬁ ® id4) x K. Secondly, the main theorem of Nistor H
which identifies the periodic cyclic homology of crossed products by G and K around each
conjugacy class of G, implies that (af ® id4) x G is a quasi-isomorphism on each stalk. Since
it is globally-defined, it induces a global isomorphism

(& ®idy) x G : HP,(CX(G/K, A) x G) —> HP\,gim(c/x)(A x G),

which shows the main result.

THEOREM (G., 2026) Let GG be a real Lie group with maximal compact subgroup K. For every
complete locally convex algebra A endowed with a smooth action of G, the Dirac element o €
KKq(C.(G/K),C) realizes the following isomorphism:

(a*®idy) x G: HP.(A x K) ~ HP,(CX(G/K, A) x G) —> HP\yaimc/x)(A = G).
where A = A ®, D is the stabilization of A.
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